A perturbation method similar to those adopted in the many-body problems and the corresponding diagram technique are proposed for systems of spins interacting individually with each other and/or with other degrees of freedom. A generalization of Wick's theorem is introduced and illustrated by simple examples. By using this new method, the ESR spectra of magnetic impurities in metals are discussed. It is shown that shift and broadening of the resonance spectra are related to the dynamical susceptibilities of the pure host metals and that the effect of conduction electron spin relaxations on the impurity ESR spectra can be handled neatly by assuming an appropriate form for the expression of the dynamical susceptibilities.
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Introduction
The current development in the many-body problems owes its great success to the application of the methods of quantum. field theory. 1 l' 2 J, 3 l However, the subject of many recent books in this field is restricted to the systems of many "particles". The application of such technique to spin systems encounters many difficult problems, which, since the classical work of Dyson, 4 l have been discussed by many authors. 5 l Of these, we should cite particularly the double-time temperature del?endent Green's function method. 0 l Since the object of these studies are limited mainly to ferro-and antiferromagnets,5l'7; we start with the ordered spin 'States. In such cases, it is convenient to use running magnon operators rather than the original spin operators of individual magnetic ions. On the other hand, there has been a growing interest in a detailed studies of magnetic impurities in metals. Many interesting theoretical works have been published on the transport phenomena and magnetic properties of dilute 1nagnetic alloys. 8 l
In order to investigate the properties of spin impurities themselves, electron spin resonance of these impurities seems to provide a direct and very powerful method.
l
The interaction between impurity spins and the conduction electrons of the host metal has, however, very complicated nature. 10 l For the ·analysis of the observed ESR spectra, therefore, it seems highly desirable to develop, for a system of almost independent spins, a perturbation theoretic method analogous to the current treatments of the many-*l Present address: Institute of Physics, College of General Education, University of Tokyo. particle problems.
T'he main difficulty arises from the fact that \Vick's theorem is not valid for spin operators because the commutator of two spin operators is not a cnumber but an operator. The purpose of the present paper is first to generalize \Vick's theorem and then to develop the corresponding diagram technique for such a spin system. These will be done in Part I. However, the proof of the generalized Wick's theorem is omitted simply because it is too lengthy. For this proof the readers are referred to a separated paper by one of the present authors.
11 l'*J In Part II, the method developed in Part I is applied to the ESR spectra of impurities. Effects of the ion-conduction-electron interaction on the ESR spectra are expressed in terms of dynamical susceptibilities of the pure host metal. It is also shown that the infJuence of the conduction electron spin relaxation on the impurity ESR spectra 12 J can be taken into account neatly by assummg a suitable form for the dynamical susceptibility of the host metal.
Part I. Perturbation theory for spin systems § 2. Generalized Wick''s theorcn1
In the time-dependent perturbation theory, we are led to evaluate quantities of the type
where T is the time ordering operator, A Ct1), · · ·, and P (ln) are operators written in a suitable interaction representation
and jO) is the ground state of the unperturbed Hamiltonian '--q{ 0 • \Vick's theorem is applied to the transformation of the time ordered product into a sum of normal products, the· expectation value of which is particularly simple to calculate.
Let us consider a system of interacting spins S\ S 2 , .. .', SN. The simplest way to define the free Hamiltonian c9Lo is to introduce a static magnetic field in the z direction. Then (2) n IS the Zeeman energy and the perturbation can be supposed to be a polynomial expressed by Sr/t, Svn, S/~ operators. Here-*l Reprints of this paper will be sent from either of the present authors by request. after all operators are supposed to be written in the interaction representation.
In the ground state I O) of /}{ 0 for an electronic spin system, all the spins point to the -z direction (!ln<O). Hence the S_ operators give zero when they are applied to IO), or the S+ operators give zero when they stand on the direct right of (OI, 1.e.
and
As the normal product of a set of S operators, therefore, we shall define a set for which the s+ operators stand on the left, the .s_ operators in the m.iddle and the Sz operators on the right. The place assigned to the Sz operators is, of course, arbitrary, but must be fixed in order to have definite rules. Then the contraction of two S operators, i.e. the difference between the time ordered product and the normal product, is given by 
We must note that Sz is independent of time as an operator for our choice of !}{ 0 but that the time variable is necessary to indicate the ordering of the operators in the set.
If we want to transform explicitly a time ordered product of a given set of S operators into a normal set by using the commutation rules ( 4), we see that one given operator can be the subject of many contractions since the commutator of two S operators is not a c-number but an operator. In order to fonnulate the theorem, we must thus introduce S operators depending on many "time variables", i.e. S_ (t ; t1, .. ·, tj) and Sz (t' ; t"). In these, t is the only true time variable and the dummy time variables t1, · · ·, tj and t' and t" are the indices which merely record the memory of preceding contractions. Necessity of such indices for s __ and sz will be clarified by the following generalized relations of Eqs. (4), which also explain how the dummy time variables are constructed. While S_ (t; tr, · · ·, tj) is defined to be symmetric in the time variables, Sz (t' ; t' ') 1s not symmetric. Now our generalized Wick's theorem is the following:
Theorem: The time ordered product of a set of S operators 1s equal to the sum of the normal products of all sets of operators which one can construct by contracting parts of the initial set in all possible ways, including the set without contraction. These normal products are multiplied by the scalar factors-defined by Eq. (5) -which occur in the contractions leading to them. In general, there are many different scalar factors to the same operator set, but each different scalar factor must occur only once, even if there are topologically different contractions leading to it. In this we suppose all time variables to be different. The proof of this theorem can be done similarly to the classical proof of the original Wick's theorem. 13 l Since, however, the proof is complicated and lengthy, 11 
>
we shall only illustrate it by a simple example.
Let us consider the set Szn(t) S\n' (t') s_n'' (t"). Then the construction of the different terms will be done in the following way :
Possible sets in the normal form Contractions leading to them
From the generalized Wick's theorem we get 
X [tJ (t-t') Onn'-(} (t-t") (} (t-t') Onn"J.
Note that the dummy time variables are discarded In the final expressiOn. We can explicitly check that this formula gives the right value for all possible orderings of times t, t' and t''. In order to illlustrate the second part of the theorem, let us consider the set The contractions
and 5\n(t)S,/'/ (t')S/~" (t")
lead to the same scalar factor and therefore must not give rise to two different terms. § 3. Diagram technique
In spite of the great complications which occur in the proof, 11 l our theorem is a natural generalization of Wick's one and this allows for a graphical representation of the different contracions completely similar to the Feynman diagram technique adopted in the many-paricle problems.
Apart from the expansion theorem, no special difficulty arises in the perturbation theory. Two points must, however, be kept in mind. (i) Permutations of the time variables in T {cq{l Ct1) · · · /H1 (t)J)} generate terms of the expansion theorem which can be automatically taken into account by multiplying by a factor p !Jr where r is the number of time permutations which do not generate new terms in the expansion. 3 l
In usual theories r is generally ignored because it is always equal to unity for diagrams connected to external lines. In the present theory, however, r is often different from unity, because it happens that topologically different contractions lead to only one term in the expanswn. This occurs when S+ or S_ operators is repeatedly contracted with Sz operators.
(ii) Because of the rules (5), the value corresponding to a given contraction is not independent of the other contractions occurring in the same diagram.
The clearest way to introduce diagrams will be perhaps to choose a simple Hamiltonian, say
and to give rules for the calculation of Green's function defined by (7) B. Gio·z,annini and S. !{aide
--s_
Sr s_
The perturbation expansion of Eq. (7) can be carried out quite similarly to the standard method for manybody systems.
Then each term of the expansion turns out to be an expression of the type given by Eq. (1). Now, let us adopt the following rules as our graphology: (iii) vVith each Szn (t'' ; t') S,_n' (t') contraction, associate a factor
eac ~., _ t; :r, ···, tj . . _ z t ; . · conxac 1on, assoc1a e a ac or
(v) With each interaction line associate a factor iJ. its starting point but leaves the s+ or s __ operator on the other end, hence the S,_S_ line survives after a contraction expressed by an incoming line.
here must be no closed loop of Sz lines (Fig. 3) . This can also be seen similarly to the above consideration.
As an illustrative example, let us consider the first order terms of Dnn'· In Part II, we will see that the resonance spectrum of our spin system is essentially given by Im ~ Dnn' (cu). The possible connected diagrams which contain one ( Fig. 4a) 
where <Sz)=<OISz[O) and c0 0 = -gpnHz. Similarly (Fig. 4b) + (Fig. 4d} (8)
The sum of Eqs. (8) and (9) gives
Contribution from Fig. 5 is (Fig. 5a) 
It follows then that
which means that the interaction of the type (6) gives neither shift nor broadening to the resonance line induced by a homogeneous alternating magnetic field perpendicular to the z-axis. ]'his result is known to be correct in all orders.
incomplete shells of the impurity ions and the conduction electrons of the host metal gives rise to various interesting phenomena.
The resulting physical properties of the dilute alloy allow us to get some insight into the nature of the interaction itself on one hand, and into the electronic properties of the host metal on the other. The ESR of the impurities provides a powerful method for the investigation of these two problems.
>
The interaction itself is the result of various complicated mechanisms. 10 
J
For impurities of 3d incomplete shells, localized magnetic orbitals are mixed with the conduction electron orbits. Even for the well localized 4f shells of the rare-earth impurities, the interaction is not so simple as to be attributed to only the usual exchange interaction between the conduction electrons and the localiz· ed 4f shells.
In the present paper, however, we will assume that the interaction is well described by an exchange type Hamiltonian and we focus our attention on the relation between ESR spectra and the magnetic properties of the host metal. The electronic magnetic properties of transition metals and especially of high susceptibility metals as Pd are very different from the properties which would be expected from a free electron model. In particular the static polarization has a long range compared to that expected from the Ruderman-Kittel-Yosida theory. 15 
>
The calculation of these magnetic properties is a very difficult problem because the correlations between d electrons of opposite spins seem to play a very important role. In the present work, we will not enter into this problem, but establish some relations between ESR spectra and the magnetic properties of the host metal. For this purpose, the method developed in Part I seems to be very useful and allow us to extend and clarify some basic results.
We shall assume that the interaction is given by the following Hamiltonian:
Because of the complications mentioned above, the coefficients J (k-k') are not simple exchange integrals, but effective ones resulting from various mechanisms. Hence J can be either negative or positive. Since the ESR measurements are possible only for S-state ions,
9
> the orbital angular momenta of the impurity ions will be ignored. The discussion is restricted to isotropic metals at 0°K. The system considered·is best described by writing down the Hamiltonian: The dynamical susceptibility of this system is defined by its linear response to an oscillating magnetic field. vVe suppose this magnetic feld to be uniform and its direction to be perpendicular to the z-axis.
The interaction Hamiltonian is then given by
If it is ~assumed that the oscillating field is switched on adiabatically at t = -oo, then the state vector of the system at time t is given by
where T is again the time ordering operator and I ?f! 0 ) is the ground state of $-[ m the Heisenberg representation. Then
-oo
Thus it can be seen that the response function X+ (t-t') of the total system 1s given by (13) For the calculation, however, the quantity defined by
is much more convenient. This is related to x+ (t-t') by the following equations for their Fourier transforms (i.e. dynamical susceptibilities):
Im x+ (w) =sign w Im x+ c (w).
Hereafter we shall omit the superscript c. Thus we have to calculate the followmg propagators: 
Except for the factor £, E is a (sum of) two-body electronic Green's functions. In absence of die;, the resonance spectrum is the superposition of the resonance line of the impurity ions and that of the conduction electrons. If ,!}{('i is a weak perturbation, we can consider that the observed spectrum will still be a superposition of these two resonance absorptions slightly deformed by the interaction. To some approximation, these deformed spectra are given by D + rand T+ + E respectively.
The zeroth order term in 3iiut = 3loi + ${~1 of the spin part Dnn' (r) is readily obtained as The rules given in § 3 can be applied to the present problem without any essential change except for the pe~turbed Hamiltonian. Instead of ~g[1 defined by Eq. (6), we now have the electron-ion interaction c9L. An interaction line of ~c 1 , whi.ch connects a spin operator with electron lines, will be indicated by a wavy line. To each of such wavy interaction lines we should associate a factor N-
The part concerning the conduction electrons can be treated in the usual way, and hence we must carry out summation (or integration) over k and k' in the final stage of the calculation.
Since ~"; can be considered as a weak perturbation, calculation of diagrams of the first and second orders in ~cj{ci should give meaningful results. Coulomb and electron-phonon interactions can be taken into account by replacing the bare electron bubbles which occur in the diagrams by "dressed" bubbles. The first order correction to Dnn/ is given by the diagrams : According to our rules, these g1ve
Since D 0 (t-t') = 0 for t'>t, we must only consider the case t >t' and get Taking the Fourier transform, we have
In the first order, therefore, the Fourier transform of iD(t) is equal to
It is expected that the first order contribution to Dnn' gives a shift of the resonance line of magnitude
This result can be obtained easily by time-independent perturbation theory. It is therefore interesting to investigate which series of diagrams give the complete expansion of
Let us consider the following series:
Then n-th order contribution 1s g1ven by the diagrams:
The factor r for these diagrams are respectively n !, (n --1) !, (n-2)! 2!, · · ·, etc.
Then it is not difficult to see that the sum of the contribution of all these diagrams is given by Since we get (21) where x~ (LV, q) Is the dynamical susceptibility of the host metal given by
IO)c being the ground state of !f{-Sfci· Thus the first order contribution of Tndepends on the dynamical properties of the conduction electrons and is therefore difficult to discuss in general cases.
In the limiting case of completely free electrons with g' = g, it can be shown that this contribution exactly cancels the first-order correction due to Dnn'· In fact, since 13 3 LJ 1
and we can see In situations close to the free electron limit and with g g', we must take into account terms arising from T,/ and E. Quite similarly to the above calculation, we can show that the first order corrections to Tn+ and E exactly cancel each other. This result is due to the fact that the magnetization of conduction electrons precesses with equal frequency to that of the ion spin so that their directions are always kept parallel to each other and there can be no torque acting between them. The fact that magnetic resonance line of the conduction electrons is not observable is usually ascribed to a very fast relaxation of spin disturbance in the electronic system.
Non-empirical calculation of x~ (oJ, q) in such a case is a difficult problem which requires, for instance, the knowledge of the interaction Hamiltonian responsible for the spin flips. Such a calculation is beyond the scope of the present paper. But we can tentatively discuss the very fast relaxation limit by introducing a phenomenological expression for X~ (oJ, q 0), e.g.
where r is the the relaxation time and C' is a phenomenological constant. vVe can write then to the first order
where C' is of the order of unity and o'';>r). Taking the imaginary part of this expression, we can easily show that near the resonance, i.e. for lw-wal=o, the term arising from Tn-is negligibly small. § 6. Second order effects
There are many second order diagram.s contributing to Dnn' (t) and T,.-(t).
Rather than to give an exhaustive discussion of all terms, we prefer to calculate only the diagrams which turn out to be most important. First let us consider the diagrams
The sum of these two diagrams gives the following contribution:
2 .
where i x~t and i x~l stand for the dressed bubbles shown in the above diagrams 
Practically
If we assume again that the exchange interaction IS completely localized, 1.e.
J(q) is independent of· q, we get
N2 fle 2gt2 n"
Supposing that this expression is independent of n and comparing it with Eq. (18), we can see that it gives a second order shift of magnitude
to the resonance line. Next, we consider the diagram This giVes Dnn' (w) the following contribution:
If we assume again that the exchange interaction is completely localized, we get a second-order shift and a broadening given respectively by the real and Imaginary part of
where en (w) is defined by For the effect given by Eq. (26), we can get a result in closed form by summmg the following set of diagrams :
Then the 2j-th order term of the bubble series is given by the expression where n 0 = n. If we assume that Cn (ro) is independent of n, the sum over n of the above expressions is equal to
where we have replaced the free Green's function L)
including therefore all diagrams of the type The sum over the complete bubble series then gives with and
If C (uJ) is a slowly varying function of O), the resonance line IS approximately Lorentzian and the half-width is given by
The real part The calculation of the function X~ (w, q) in the free electron approximation 1s very similar to the calculation of X~1 (w, q) 17 ; and the result is given in the Appendix. \Ve can see that, for q 2 /2·m large compared with the Larmor frequency, x~ (cv, q) ~x~1 (w, q). For the opposite limit q~o, X~1 (w, q) tends to zero whereas X~ (w, q) becomes singular (see Eq. (22)).
\Ve can show that the broadening predicted by Eq. (28) reduces to the Korringa broadening 18 l at zero temperature (which is proportional to f1ng Hz instead of hT) if we approximate the sum over n by the value for Rn = 0 and calculate x~ in the free electron approximation. In fact the sum over Rn=I=O is by no means negligible and predicts a very large broadening of the line at zero temperature. This might be a possible explanation of the fact that, in some dilute alloys, where no direct exchange is present to narrow the line, the line width diverges when the temperature is lowered below the Curie point. 19 ) The knowledge of the dynamics described at zero temperature allows us to extend easily the calculation for the limit /1ngi-Iz~hT 20 ) provided the metal is in the paramagnetic state. This calculation shows that the terms with Rn=I=O are weighted by a factor (/1ng1-lz/kT) 2 compared to the terms with Rn=O, and this reduces these terms by a factor of 10 3 or more. The residual contribution may explain the variation of line width with concentration which is observed in some experiments. 19) The second-order shift predicted by Eqs. (25) and (29) is weighted by the same factor, and is negligible in the paramagnetic region where x=.: (w = 0, r = 0) ~Re x=: (wiJ, r = 0). This term may explain the change of the line shift observed in some metals when the temperature is lowered below the Curie point. 21 l
Comparison between ESR data and the theory, however, asks for more experiments and detailed calculation of the functions involved. These problems, as well as the application of these techniques to other systems, like metals doped by a second kind of impurities, will be the subject of separate papers.
The method presented in this paper provides an exact microscopic descripion of the lowest order processes involved in spin resonance experiments. Since the ion-conduction-electron interaction !Hoi can always be considered to be weak, the perturbation methods are expected to give good results in the lowest orders already. The present method therefore seems very useful in stating in a clear way the role of the various possible relaxation mechanisms and in calculating some dynamical effects at zero temperature. This may be a useful first step towards finite-temperature calculations. Finite temperature theory involves both the description of the dynamics and the change of the states of the system. For our spin system, which almost certainly shows ferromagnetism, it is not clear to what extent the zero-temperature theory is relevant. Physically we can under-stand that the dynamical effects described in the present paper will be important even at finite temperatures, and this has been used to calculate the hightemperature limit, 20 > but the justification for this is lacking and is under study. 
